The basic tool for solving problems in metric geometry and isotonic regression is the metric projection onto closed convex cones. Isotonicity of these projections with respect to a given order relation can facilitate finding the solutions of the above problems. In the recent note [17] this problem was studied for the coordinate-wise ordering. This study was the starting point for further investigations, such as the ones presented here. The order relation in the Euclidean space endowed by a proper cone is considered and the proper cones admitting isotone metric projections with respect to this order relation are investigated.
Introduction
Let R m be the m-dimensional Euclidean space endowed with the standard inner product ·, · : R m × R m → R and the Euclidean norm · together with the topology this scalar product defines.
Denote by P D the projection mapping onto a nonempty closed convex set D ⊂ R m , that is the mapping which associates to x ∈ R m the unique nearest point P D x of x in D [25] :
The used terminology
We aspire to be in line with the standard terminology from convex geometry. (see e.g. [22] ).
The non-empty set K ⊂ R m is called a convex cone if (i) K + K ⊂ K and (ii) tK ⊂ K, ∀ t ∈ R + = [0, +∞). All the cones used in this paper are convex. The convex cone K is called pointed, if (−K) ∩ K = {0}.
The convex cone K is called generating if K − K = R m . A generating closed convex pointed cone is called proper cone.
For any x, y ∈ R m , by the equivalence x ≤ K y ⇔ y − x ∈ K, the convex cone K induces an order relation ≤ K in R m , that is, a binary relation, which is reflexive and transitive. This order relation is translation invariant in the sense that x ≤ K y implies x + z ≤ K y + z for all z ∈ R m , and scale invariant in the sense that x ≤ K y implies tx ≤ K ty for any t ∈ R + . If ≤ is a translation invariant and scale invariant order relation on R m , then ≤=≤ K with K = {x ∈ R m : 0 ≤ x}. The vector space R m endowed with the relation ≤ K is denoted by (R m , K) and is called an ordered Euclidean vector space. In accordance, ≤ K is called a vectorial ordering. If K is pointed, then ≤ K is antisymmetric too, that is x ≤ K y and y ≤ K x imply that x = y.
The set
with x 1 , . . . , x m linearly independent vectors is called a simplicial cone. A simplicial cone is proper. The dual of the convex cone K is the set
The dual of a convex cone is a closed convex cone.
Suppose that R m is endowed with a Cartesian system. Let
, where x i , y i are the coordinates of x and y, respectively with respect to the Cartesian system. Then, the scalar product of x and y is the sum
is called the nonnegative orthant of the above introduced Cartesian system. It is a simplicial cone. A direct verification shows that R m + is a self-dual cone. Taking a Cartesian system in R m and using the above introduced notations, the coordinatewise order ≤ in R m is defined by
By using the notion of the order relation induced by a cone, defined above, it is easy to see that
A hyperplane H(u, a) determines two closed halfspaces H − (a, u) and H + (u, a) of R m , defined by
and
The hyperplane H(u, 0) is a supporting hyperplane to the cone
The proper cone K is said strictly convex if the dimension dim(K ∩ H(u, 0)) is at most 1 for each supporting hyperplane of K. The strictly convex proper cone K is called also smooth if through each its boundary point x = 0 there exist exactly one supporting hyperplane to K.
The following auxiliary results are consequences of standard reasonings in convex geometry (see e. g. [22] and [25] ).
Lemma 1 Let K be a strictly convex proper cone and L be a proper cone.
Lemma 2 If K is a smooth strictly convex proper cone and H(u, 0) is supporting hyperplane to K through a boundary point point x = 0 of K, then P −1
where sp M stands for the linear span of the set M. Thus the set of points which projects by P K on the ray on the boundary of K engendered by x is a two-dimensional subspace.
An example for a smooth strictly convex proper cone is the so called Lorentz or ice cream cone:
The
It is a self-dual, smooth strictly convex cone. Other examples of self-dual, smooth, strictly convex cones can be found in [6] .
Preliminary results
We will use in the following proofs the following simplified form of Moreau's decomposition theorem [14] :
Theorem 1 Let K be a closed convex cone in R m and K * its dual. For any x in R m we have x = P K x − P K * (−x) and P K x, P K * (−x) = 0. The relation P K x = 0 holds if and only if x ∈ −K * .
One of the basic tools in our proofs is the following result which can be derived from Theorem 1, Theorem 2 and Lemma 4 in [16] :
Theorem 2 A closed convex set C ⊂ R m with nonempty interior is K-isotone if and only if it can be represented in the form
where each hyperplane H(u i , a i ) is tangent to C and is K-isotone.
The next theorem follows from Theorem 1 and Lemma 4 of the above cited paper.
Theorem 3 If C is a closed convex set, then it is K-isotone if and only if it is K * -isotone.
Isotone projection onto a proper cone
The following theorem can be considered a main result of our note, which serves also as basic tool for the next results.
Consider an arbitrary element u ∈ K and an arbitrary positive integer n.
Then, by using that K is an L * -isotone projection set and the above result with L * replacing L, we get that K is subdual and
The case of self-dual K
We remember that the proper cone K ⊂ R m + is called isotone projection cone if it is K-isotone. A direct verification shows that R m + is an isotone projection cone. Proof. Suppose to the contrary, that L ⊂ R m is a proper cone such that K is a L-isotone projection set.
Let us first assume that int(K) ∩ L = ∅. Then, by using that K is self-dual and Corollary 1, we get that K = AR m + for some orthogonal matrix A, which is absurd because K is not polyhedral.
Next, assume that int(K) ∩ L = ∅.
Since K is a L-isotone projection set, we have that
We show first that P K (L) = {0}. To this end we observe that since K is L-isotone, so is −K ( [18] Lemma 3). The assumption int(−K) ∩ L = ∅ would yield a contradiction as at the beginning of our proof. Hence
, which confirms our claim. We must have according to (3) and Lemma 1 that K ∩ L is an one-dimensional ray on the boundary of K and P K (L) is itself this ray. Now,
) is contained by Lemma 2 in a two-dimensional subspace. Hence L cannot be a proper cone. ✷
Isotone projection onto a simplicial cone
Let e 1 , . . . , e m ∈ R m be linearly independent and K = cone{e 1 , . . . , e m } be a simplicial cone. Let E = {x = (x 1 , . . . , x m ) ⊤ ∈ R m : |x i | = 1, i = 1, . . . m} and ε ∈ E. Denote
Proposition 2 Let K ⊂ R m be a simplicial cone and L a proper cone such that K is an L-isotone projection set. Then, there exists an ε ∈ E such that K ε is subdual, L-isotone and
Since the tangent hyperplanes of K ε coincide with the tangent hyperplanes of K it follows from Theorem 2 that K ε is also an L-isotone projection set. Hence, the result follows from Theorem 4. ✷ Denote N = {1, . . . , n}. For an index set I ⊂ N denote I c = N \ I the complementary index set of I. For any vector x ∈ R m denote by diag(x) the diagonal matrix which contains x in the main diagonal such that the (i, i)-th entry of diag(x) is x i , (where any vector y ∈ R m is written as y = (y 1 , . . . , y m ) ⊤ ), while its other entries are 0. A simplicial cone K = cone{e 1 , . . . , e m } is subdual if and only if E ⊤ E is an m×m nonnegative matrix, where E = (e 1 , . . . , e m ) (the matrix with columns e i ). E is called the matrix of K.
Lemma 3 Let K = cone{e 1 , . . . , e m } be a simplicial cone. Then, there exists a ε ∈ E such that K ε is subdual if and only if there exists an index set I ⊂ N such that e i , e j ≥ 0 for any i, j ∈ I, e k , e ℓ ≥ 0 for any k, ℓ ∈ I c , and e i , e k ≤ 0 for any i ∈ I and any k ∈ I c .
Proof. Let ε ∈ E. Let I = {i ∈ N : ε i = 1}. Then, I c = {i ∈ N : ε i = −1}. Then, the matrix of K ε is ED, where E = (e 1 , . . . , e m ) and D = diag(ε). Then, K ε is subdual if and only if DE ⊤ ED = (ED) ⊤ ED is nonnegative. However, DE ⊤ ED is the matrix whose rows and columns corresponding to each index of the index set I c are the corresponding rows and columns of E ⊤ E, respectively multiplied by −1. Hence, DE ⊤ ED is nonnegative if and only if e i , e j ≥ 0 for any i, j ∈ I, e k , e ℓ ≥ 0 for any k, ℓ ∈ I c , and e i , e k ≤ 0 for any i ∈ I and any k ∈ I c . This follows because the (r, s)-th entry of E ⊤ E is e r , e s for any r, s ∈ N and therefore for any i, j ∈ I the (i, j)-th entry of DE ⊤ ED is e i , e j , for any k, ℓ ∈ I c the (k, ℓ)-th entry of DE ⊤ ED is e k , e ℓ , and for any i ∈ I and any k ∈ I c the (i, k)-th entry of DE ⊤ ED is − e i , e k . ✷ Proposition 3 Let K = cone{e 1 , . . . , e m } ⊂ R m be a simplicial cone and L a proper cone such that K is an L-isotone projection set. Then, there exists an index set I ⊂ N such that e i , e j ≥ 0 for any i, j ∈ I, e k , e ℓ ≥ 0 for any k, ℓ ∈ I c , and e i , e k ≤ 0 for any i ∈ I and any k ∈ I c .
Proof. It follows from Proposition 2 and Lemma 3.
✷
Corollary 2 Let K = cone{e 1 , . . . , e m } ⊂ R m be a simplicial cone. Suppose that i, j, k ∈ N are three pairwise distinct indices such that e i , e j < 0, e i , e k < 0 and e j , e k < 0. Then there is no proper cone L such that K is an L-isotone projection set.
Proof. Suppose that L is a proper cone such that K is an L-isotone projection set. From Proposition 3, there exists an index set I ⊂ N such that one of i, j belong to I and another one to I c , and such that similar statements hold for i, k and j, k, respectively. This leads to an obvious contradiction. Hence, there is no proper cone L such that K is an L-isotone projection set. ✷ Proposition 4 Let K ⊂ R m be an isotone projection cone. Then, K ε is a K-isotone projection set for any ε ∈ E.
Proof. Since K is a K-isotone projection set and the tangent hyperplanes of K ε coincide with the tangent hyperplanes of K, from Theorem 2 it follows that K ε is also a K-isotone projection set. ✷ Remark 1 From this proposition it follows that for K an isotone projection cone each member of the family {K ε : ε ∈ E} is a K-isotone simplicial cone. Obviously, int(K ε ) ∩ K = ∅ whenever diag ε is not the identity matrix. Hence by Theorem 4 in this case we must also have
7. The case of R m + -isotone projection cones
To show that in contrast with Corollary 2 there exists a large class of cones which can be R m + -isotone projection cones or more general polyhedral cones for which there are order relations with respect to which they admit isotone projections, we cite Theorem 3 in [17] (see [17] for the definition of a facet):
Theorem 5 If K is a generating closed convex cone in R m , then it is R m + -isotone, if and only if it is a polyhedral cone of the form K = ∩ k<l (H − (a kl1 , 0) ∩ H − (a kl2 , 0)), k, l ∈ {1, . . . , m}
where a kli are nonzero vectors with a We remark that in this theorem the cone K may be a proper or only a closed and convex generating cone.
Remark 2 As a family of simplicial subcones contained in R m + which are R m + -isotone we mention the family of the so called istonic regression cones, among which the single cone which is itself an isotone projection cone too is the monotone nonnegative cone (see Corollary 1 and 2 in [17] and the definitions therein). 
